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N-variable Fubini's Theorem for Young Measures and Iterated
Lyapunov’'s Theorem
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Abstract

Recently, Askoura et al. (2013) and Noguchi (2014) obtained non-emptiness results for a —cores
of n—player cooperative games with asymmetric information. Both papers adopt Harsanyi's
type description of private information and use Young measure techniques in an essential way
but in quite different manners, along with Scarf’s (1971) celebrated balancedness argument.
Noguchi (2014) presented a partly sketchy proof of an iterated version of Lyapunov's theorem
for Young measures, which plays a crucial role in the proof of his main theorem. The aim of
this paper is to provide a rigorous mathematical proof of the aforementioned theorem, where
the proof relies only on well-known elementary facts about the Lebesgue integral.
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Introduction

Recently, Askoura et al. (2013) [1] and Noguchi (2014) [9] obtained non-emptiness results for a—cores
of n—player cooperative games with asymmetric information. Both papers adopt Harsanyi's type
description of private information and use Young measure techniques in an essential way but
in quite different manners, along with Scarfs (1971) [10] celebrated balancedness argument.
Noguchi (2014) [9] presented a partly sketchy proof of an iterated version of Lyapunov’s
theorem for Young measures, which plays a crucial role in the proof of his main theorem. The
aim of this paper is to provide a rigorous mathematical proof of the aforementioned theorem,

where the proof relies only on well-known elementary facts about the Lebesgue integral.

Preliminaries

In this section we first list several basic properties of abstract Lebesgue integrals, which will be
used repeatedly throughout this paper, and then state the standard version of Fubini's theorem
in two variables. Moreover, we prove a simple lemma concerning image measures of product

measures under a symmetric change of variables. We lastly provide a rigorous inductive proof
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of an n—variable version of Fubini's theorem, which gives rise to a similar result for Young
measures.
For an extended real-valued function f we define f* =max{f 0} and f~ = —min{f 0} as in

standard text books.

Lemma 1 Let (X,X,)\) be a measure space and let f g be extended real-valued, X—measurable
functions defined on X. Suppose that f = g \— ae. and that [ fd is defined (ie. at least one of
the numbers [ fTdX and [ f~d\ is finite). Then [ gdX is defined and [ gdA= [ fdX.

Proof. See Theorem 12.14 in Hewitt and Stromberg (1965, p. 169) [7]. m

Lemma 2 Let (X, X', \) be a measure space and fan extended real-valued, X-measurable function
defined on X. If [ fd\ is defined and finite (ie, [ fTd\ < coand [ f~d\ < c0), then fis finite \-a.e.

Proof. See Theorem 12.15 in Hewitt and Stromberg (1965, p. 169) [7]. =

Lemma 3 Let ( X, X,)\) be a measure space and f a real-valued, X—measurable, )\-integrable
function defined on X. Suppose f= fi — f2 for nonnegative, real-valued, X—measurable, and )\~
integrable functions fi, £. Then [ fdA = [ fid\ — [ fadX.

Proof. See Theorem 12.19 in Hewitt and Stromberg (1965, p. 170) [7]. ®

Theorem 4 (Fubini) Let (X, X, \) and (Y,Y,v) be o—finite measure spaces and let (XX,
X ®Y,\®v) be their product measure space. If fis a nonnegative, extended real-valued, X ® Y-
measurable function on X X Y, then:

(i) the function z— f(z, y)is X-measurable for each y € Y;

(ii) the function y — f(z, y)is Y-measurable for each z € X ;

(iii) the function z—[ f(z, y) dv(y)is X-measurable;

(iv) the function y —[ f(z, y) d\(z)is Y-measurable;

(v) [fdrx@v = [[ fd\dv = [[ fdvd\

Proof. See Theorem 21.12 in Hewitt and Stromberg (1965, p. 384) [7]. =

Definition 5 Let (X, X,\) be a measure space and let L(\) denote the set of all extended real-
valued functions which are defined X—a. e. on X and admit a X—measurable, A-integrable extension.
For f€ L()\) we define the integral [ fd) to be equal to [ fid)\, where fi is a X—measurable, \-
integrable extension of f Note that in the light of Lemma 1 the integral [ fd) is independent of

the choice of an extension fi.
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Lemma 6 (Symmetry Relations for Measures) For each i =1, ---, n let (T3, 7i,1;) be a
probability space and let <H T3, ® ® > be the product probability space of the former

n probability spaces. Let ¢ be a permutation on {1, -, n} and let 7 : H T, — H T5(i) be the

bijection induced by the permutation of coordinates (#, **-, t.) = (t5 1), -, g(n)) For brevity
77/

we use the symbol o to denote 5 as well. Then the image measure 7« ® My on ® T5(iy induced

i=1 i=1

by o satisfies 7* @1 pi = @1 Lo (i)

Proof. Let _H Cs(i) be a measurable rectangle in ® T5¢:). Tt is known that the family of all
such measurable rectangles is a Boolean semlalgebra (Neveu 1965, p. 80, Proposition 1. 3.1 [8]).
Hence by the extension theorem for probability measures in Neveu (1965, p. 23 [8]) we only
need to confirm that the above two probability measures agree on the family of measurable

rectangles. By the definition of induced measures we obtain

o, (éu <f[1 Com) ®/1 [ - (ﬁl Co(w)}

i=1

= M (Cl)"'lun (Cn)
= M”(l) (Cg(l)) * Mo (n) (Cc(n))

n n
= ®/’La(i) <H C(‘r(z)) B
=1 =1

which establishes our claim. =

The following theorem is a n—variable version of celebrated Fubini's theorem. A proof of the
regular version (2—variable) can be found in standard text books such as Hewitt and Stromberg
(1965, p. 386) [7]. We present below an inductive proof of a n—variable version of Fubini's

theorem, which is structured so as to provide a further extension to Young measures.

mn

Theorem 7 Let n>2 and let (Tth,,ul) -, (T,, T,,, i1,,) be n probability spaces. Let T(n) = H
T, T (n) = ®Z, and u(n) = ® ui be the obvious n—products. Let f be an extended real- valued
7T (n) —measurable function on T(n) For i = 1, -+, n, let NV; denote the set of all u/null sets in 7.
Then if [ |f] du (n) <oo:
<1> 3]\/v'n € -/\/;Lth ¢ NnaNn71th71 ¢ anl e HNQVt2 ¢ N2

f('at27"' 7tn) S L(Ml)7

ff (tla '7t37 U :t’n) dul € L(IU’Z) )

f f .f (tly t27 ) t47 U atn) d:uld/J’Q el (.U’S) )

f ff by, yln—2, )dul”'d:u’n—2€L(Mn—l);
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(11) fff(tl, 7tn—17')d:u1'”dp‘n—1 € L(/I’n) and
Sty du(n) = [+ [ f(te,+ ta)dpy - dpy; and

(iii) [ f(tr,-stn)dp(n) = [~ [ f(tr,- - s tn)dpyay - - diig(n), where o is any permutation on
i, -, nl.

Proof of (i) and (ii). We proceed by induction on n. For n=2, we have by Theorem 4 that [|f]|
du (2) = [[ | fl durdus <oo and that [ |f|du; is z—measurable. Thus by Theorem 2 there exists
a wpnull set Ny € 73 such that Ve Ny [ |fldui <oo, ie, 3Ny Vi & N2 fE L(u1) as desired
for (). We proceed to show that (ii) holds as well. Recalling |f| = f"+ f~, we also have [ f*
du (2) <oo, and again by Theorem 4 we see that [ fdu; is 73—measurable. The preceding
argument yields V& ¢ Na [ f"du1 <oco. We modify the values of [ f“dui over Nz by setting
them equal to zeros and let W denote the modifications. Define F = [ f+du, — [ f~du, ,
which is clearly real-valued and 73-measurable. Since Vo & No, F = f'dur-[ f~ dur =[ fdu,
it follows that V& No | F|< [ fTduy + [ f7du1 = [ |fldu1 and hence V& ¢ To | F|<|fldun,
which implies F € L(u3). We then compute

/ fdpdp, = /Fa’,;LQ (Definition 5)

//]“HLCIZ,ulduz7/‘/ffdplal,u2 (Lemma 3)
= //f+du1du2 — //f*duld,u2 (Lemma 1)

/f+d,u (2)—/f7d,u (2) (Theorem 4)

[ fauc.

which establishes (ii). We next prove (i) and (ii) for » assuming that they hold up to n—1. To
this end, suppose [ |fldu(n) <oo. Then applying Theorem 4, we obtain that [ |fldu(n) = [[ |fI

du (n—1) du,, and that [ |f|du (n—1) is Z,—measurable. Thus by Theorem 2 there exists a .~
null set N, € 7, such that V&, ¢ N, [ [fldu (n—1) < oo. Combining this with the inductive

hypotheses (i) and (ii) for n—1, we establish (i) for . We now show that (ii) holds for n as
well. Arguing as in the proof for n = 2, we observe that V&, & N, [ f~du (n—1) <occ and that [
f*du (n—1) is 7:-measurable. Define [ f¥du(n —1) to be equal to [ f7du (n=1) outside N,
and to be equal to zero on N,. Then define F' = [ f+du(n—1)— [ f~du(n — 1), which is clearly
real-valued and 7,—measurable. Note that V&, & N, F =[ fTdu (n—1) — [ f du (n—=1) = [ fdu (n
—-1) and that Vt,& T, |FI|< [ fdu (n—=1)+[ f du (n—1) =/ |fldu (n—1) and hence that F
€ L(u,). We then have by the inductive hypotheses that | fdu (n—1) = [*[ fdu1--du,—1 € L

(un) as desired for the first part of (ii) for n. We next compute
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[ tane-nyan, [ Fan,

[ [reantn—van,~ [ [ 5-antn-1an,
[] #rantn = v, ~ [[ 1 dnw-1)dn,
[ aue - [ duw

[ fantw

which yields by inductive hypothesis (i) for n that [ - [ fdu1 dun—1du, = [ fdu (n), as

desired for the second part of (ii) for n. m
Proof of (iii). For each permutation ¢ on {1, -, n}, define u? (n) = @Ho(i) and f°= foo !
We then have by Theorem C in Halmos (1974, p. 163) [6] and by Lemma 6 that
[itaw @) = [iflo0 o)
1100t 0odu(n)

[ 1f1dutw)

and hence if [ |f]du (n) <oo then [ |f7|du®(n) <oo, and it follows from the previous results

that
/f"du / /fduam “dfig(n)

Applying the earlier argument to f* and f~ instead of |f°| and |f|, we obtain [ f7du’ (n) =
J fdu (n), which establishes our claim. ®

Main results

In this section we first review the definition and some basic properties of Young measures, and
then present our main results.

Let (T,7,1) be a probability space, 4 a metrizable Suslin space (see Castaing et al., 2004, p.
3 for the definition [5]), B(A) the Borel o-algebra of A, and Prob(4) the set of all probability
measures on B(A). A Young measure (or transition probability) from (7. 7) to (4, B(A)) is a
function & : T— Prob(A4) with the property that for each B €B(A) the function t+— 4 (t) (B)
is T-measurable (see Neveu, 1965, p. 73) [8]; this measurability agrees with the one that ¢ must
satisfy as a measurable map from (7, 7) to Prob(A4) with the topology of weak convergence.
A real valued T®B(A)-measurable function v (¢ a) is called a Carathéodory integrand if it is
continuous in the second variable a for every ¢t € T and satisfies |u (¢, @) | <¢ (¢) for some u-

integrable real valued function ¢. Let R(7T, 7, A) be the set of all Young measures from (7. 7T)
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to (4, B(A4)) and let M(T, T, A) be the set of all measurable maps from (7, 7 ) to (4, B
(A)). Asis well-known, R(T, 7, A) can be identified with the set of disintegrable probability
measures on product space (Tx A, T®B(A)): Given 6 ER(T, T, A), the rule E X Br—[gé
(t) (B)du (t), where E €T and B €B(A), defines a product probability measure u®4J on TRB
(A). Conversely, any disintegrable probability measure © on 7®B(A) with the marginal on T
equal to u can be disintegrated as 7 = u®¢J for some Young measure 6 €(T, 7, A). Under
the current assumptions on A4, it is known that every probability measure 7 on 7 ® B(A) is
disintegrable. See Castaing et al. (2004) [5] for further details in this regard.

Theorem 8 (Lyapunov’s Theorem for Young Measures) Let (7, 7, u) be a nonatomic probability
space and A a metrizable Suslin space. Let U = (Uy, -+ U,) be a m-tuple of real-valued, 7®B(A) -

measurable functions. If a Young measure ¢ from (7, 7) to (4, B(A)) satisfies

/|U\du®6://\U(t,a)\d6du<+oo,

1
2

where |U (¢, a) | =<§ |U; (t, a)|2> , then there exists a 7-measurable map f T — A such that
j=1

/U(t,a)d/u@ﬁ:/U(t,f(t))du

Proof. See Balder (2000, Theorem 5.10, p. 24) [3] and Balder (2008, Theorem 2.1, p. 76) [4]. m
Let(Ty, 71, w1), =, (Tw, Tn, un) be n probability spaces and let Ay, ---, A, be n topological

3

spaces with a countable base. Then we have B <H Ai> = Q@ B(A;) (see, for example, Hewitt
3 i=1

and Stromberg, 1965, p. 391 [7]). Ford, €R(T:, T;, A; ), i=1, -, n, we can form a product
Young measure & J; ER(H T, Q@ T, [1 Ai) by <® 6i>(t1, tn)zé) 0; (t;), where (4, -, t,)
i=1 i=1 =1 =1 i=1 i=1

e _l:[1 T;. Under these assumptions we prove the following lemma:

n
Lemma 9 (Symmetry Relations for Young Measures) Define a bijection ¢ H (Tix A; )—»H T; X

7

HA1by O'(tl, ap, ", tn,an):(tly”', tnyal an) Then O'*®(,U:®5 )_ ® >®(®51>
i=1 i=1 i=1

Proof. Let CxD= (X =X, XDy X --X D, be a measurable rectangle in <(§ Z)@B(ﬁ Ai>,
i i=1

where B(H Ai> = QB (A;) as noted above. As in the preceding argument, it suffices to show

i=1 i=1

that the above two measures agree on the measurable rectangles. We obtain
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n n

0'*®(/.Li®61;)(c><D) ®(ui®5i) [07"(Crx - x Cpx Dy x -+ x Dy)]

i=1 i=1

n

= Q) (1;®6:)(C1 x Dy x -+ x Cy x Dy)

i=1

/C] 51 (Dl)dul.../cn 5. (D) s,
/cc 81.(D1) -+ 8n (Dn)d ((%) M)
/. (@ 52.) (D)d (@ m—)
(®“> <®6> (C x D),

Recall that a metrizable Suslin space has a countable base for its topology (see Castaing et al,,
2004, p. 3 [5)).

which establishes our claim. ®

Theorem 10 (Fubini’s Theorem for Young Measures) For each i=1, -, n let (T T, i) be a
probablhty space and A; a metrizable Suslin space. Let T = H Ti, A= HA T= ®T i U= ®u/
and ¢ = ® di be the obvious n-products. Let H be an extended real- Valued T®B (A)—measurable
functlon on Tx A such that [ |H|du® 6 <oo. Let ¢ be any permutation on {1, -, n}. Then

(i) / Hdp® 6 / Hdbdp,
(ii) /Hdu®5 /-~/Hd#1®51“'dﬂn®5n

- /..-/Hd,ua(l)®5¢7(1)"‘dua(n)®6”(">’ and
/---/Hdéldulmdéndun

/. . /Hdéa(l)dlu‘n'(l) s dég(n)dﬂo(n)a

where the n iterated integrals appeared on the right hand sides can be defined successively.

(i) / Hip s s

Proof of (i). Recall that we defined [ Hiu® 6=/ H du® 6 — [ H du® 5. We assume that the
assertions hold for nonnegative extended real-valued functions (see, for example, Theorem 2.1.
in Neveu, 1965, p. 73 [8]). Since [ |H|du® 6 =[[ |H|dd du <oo and since by Theorem 2.1. in
Neveu (1965, p. 73 [8]) [ |H|dS is T-measurable, Theorem 2 implies that there exists a x-null
set N €T such that Vt¢ N [ |H|dé <oo. On the other hand, applying the preceding argument
to H” instead of |H|, we see that | H* dé is T-measurable and Vi¢ N [H*d§ < o©. Let
m denote the modification of [ H * do obtained by replacing the values over N by zeros.
Define F = [ H+dé— [ H-dé, which is clearly real-valued and 7-measurable. Since Vt¢ N, F
=[H'do — [ H dé = [ Hdo, it follows that Vt¢ T |F |<[ |H|dé, which implies that Fis u-
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integrable. By Definition 5 and Lemma 3, we obtain

/ / Hdédp = / Fdu
//Hﬂiédu—//H*dédu
// H*dédp — // H~dédp

= /H*du@éf/H’d,u@&

= /Hdu@é,

as desired. ®

Remark 11 Let H€ L(u®¢) and let H; be a measurable extension of H. Then we have [ |H, |

du® ¢ <oo and by the previous result we obtain [ Hidu® § = [[ HidSdu. Let Hp be another
measurable extension of H. Then we have, as above, | Hodu® 6 = [[ Hydddu and consequently
[ Hidodu = [ Hydddu since [ Hydu® 6 = [ Hydu® 6. Thus we may define

/ / HdSdp = / / Hidédy,

where H; is any measurable extension of . We can now assert that for HE L (u®4),

/Hdu@éz/ Hdsdy

holds as well.

Proof of (ji). Consider the permutation of coordinates o : [I Tix A;— T'x A defined by o (4,
ieN
a, =, to, @) = (b, =, ta, a1, -, @), Then Hoa (4, a1, -+, &y, a,) = H(, a). Note that by Lemma

/Hoad(éu“@éi) = /Hd(o*é,ui(@&;)
=1 i=1

/Hdu@é.

9 we have

By Theorem 7, we obtain
/Hdu@é = /---/Hoadu1®51~--dun®6n

= /“'/Hdltl@t?l-“dun@(sm
where the iterated integrals appeared above can be defined successively. The rest of the

assertion follows from Theorem 7 (iii). ®

Proof of (iii). Throughout this part of the proof, for each i=1, -+, n, N; ET; ®B(A;) denotes a u;
® 0 ;—null set. We proceed by induction on n. To this end we set up the following inductive

hypotheses for n>2.
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(@) ANLY (tn,an) & Np3IN, 1V (tp_1,an_1) & Np_1---3IN2Y (t2,a2) ¢ No
HeL(u ®61)
and [ Hdp, ® 61 = [[ Hd6rdp,,
[ Hdpy @61 € L(uy® 62)
and [ Hdp, @ §1dps @ 69 = [ --- [ Hd61dp, dbadp,,

[ [Hdpy @81 dpy_ o @855 €L (1, ®6n1)
and [ [Hdp, @681 -+dpy @ 8py = [+ [ HdSydp, -+ dp_1dp,

/"'/Hd/’bl®61"'dun71®6"*1 € L(u,®bn)
and / /Hdu1 ® 01+~ dp, @ 6p / /Hdé dpy - - dondp,,.

In what follows, let T'(n) = H T;, A(n H A, T(n)= ® u (n) = ®Nz and ¢ (n) = é5
For n=2, suppose oo>f|H|du 2) ®96 2) = [ |H|d (u1®51) ®(u2®52) where the last
equality follows from Lemma 9. Then by Theorem 7 I N2V (tp, az) ¢ No [ |H|ld(u1®61) <
oo, which implies by (i) above that 3Ny V (to, az)¢ No [ Hdu1®61= [ Hdd du;.
We also obtain [ Hdu1® 61 € L(u2®d2), which implies [[ Hddi1du1 EL (us®53).
Thus by Remark 11 [[ Hdu1 ® 6 1duz ®6 2= [+ [ Hdd du dus®6 2= [+ Hdd1du1ddzdu s as
desired.

Suppose that the assertion holds up to n—1 and that co> [ |H|du (n)® 6 (n). We then have
by Lemma 9 that

oo>/|H|d,u(n)®6(n) _ /|H|du(n71)®un®5(n71)®(5n

/ | dp(n—1) @8 (n— 1) dp, @ 6,.

It follows that there exists a . ® dn—null set N, such that V (¢, a,) € N, [ |Hldu (n—1) ®6
(n—1)<oo. Then by the inductive hypotheses V (t,, a,) ¢ N, and both (a) and (b) hold. It

remains to show that

/---/Hdm@cxmdunfl®6n_1 € L ®6,)

and /-~-/Hdu1®51-~dun®5n - /-u/Hd(sldulmd&ndﬂn.
To this end, observe that V(t,, a,)¢ N,

[Haun-vosm-1)= [ [ Hi oo du, 96,0,
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which follows from part (ii) above. We then have

/ /‘H/Hdm®51"'dﬂn—1®5"*1

/'/Hdu(nfl)ébé(nf1)‘01“”@5”

dp, @ 6y,

IN

//\H\d,u(n— DN®6(n—1)du, @ o,
< 00,
which verifies the first part of the assertion. Observe from the last line in (a) and the first line
in (b) that
/~ . -/Hdéld,ul coedby1dp, 1 € L(p, ®6,).
We then compute

[ [ Haw @81 duy @ 80md, w8,

/(/-.-/Hd(sldul.-.dén_ldun,1> dp,, @ 6

/..-/Hdcsldul..-d(sn,ldun,ldandu",

where the last equality follows from Remark 11. This completes the proof of the second part of

the assertion. ®

Theorem 12 (Iterated Lyapunov’s Theorem for Young Measures) For each i=1, -+, n let (T3, 7, pt;)
be a nonatomic probability

space and let A; be a metrizable Suslin space. Suppose u: TX A =R is a Carathéodory integrand,
where vert |T1LL (t) ] <o () Vt"E T for some nonnegative, u—integrable real-valued function ¢.
Let u (n) =1§ wiand 6 (n) =’® di. Then there exists a measurable map f;: T; — A, for each i=
1, -+, n such that

i=1

/u<t17-~-tn,a1,-~,an>du(n>®6<n>:/u<t1,---tn,f1<t1>,--~,fn<tn>>du<n>.

Proof. nThroughout the proof, N; denotes a #i—null set. We let T(n) =Zﬁ1 Tt (n)=, -, t), A
(n) =11 A, a (n) = (a1, -+, an), and 7 (n) = Q7. We proceed by induction. For n=1, since I 1wl
du ®Z:511 <00 ¢ du1 <0, we have by Tﬁzérem 8 that there is a measurable map fi: T1 — A
satisfying [ w (#, a1)du1®81=[u(t, fi (#))du1. Suppose the result holds up to n—1. Note

[ ot =1, = [ ot ) < .

IN NVt & N, [¢du (n—1)<oo. Then we have V(t,, a,) ENSX A,

that since

/\UIdu(n—1)®5(n—1)§/¢>du(n—1)<oo,
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and hence by Theorem 10 that V (., a,) € NSx A,
/udu(n—l)@é(n—l) :/~~-/ud,u1®61~~dun71®5n_1.
Observe that N X A, is a u, ® d,~full set, which can be verified as follows:
o © 6, (NEx A = [ 6 (An)d,
1 ?NS)
= 1.

Thus [ uduy (n—-1)® 5 (n—=1) = [ [ udu1® 61 din—1® dn-1 is defined u,®d,—ae. on T X A,

Define
Judp(n—1)®6§(n—1)
F (tp,a,) = = [ [uduy @61 dp,_y @8,
0 on N,, x A,.

on NS x A,

Since by Theorem 4 [ v du (n—1)® 6 (n—1) is 7,, @ B(A,) — measurable and since [ " du (n—1)

®6 (n—1) <ooon Nix A, Fis real-valued and 7,, ® B(A,) —measurable. Furthermore, since

/ud,u(nfl)®6(nfl)’ §/|u|d,u(n71)®5(n—1)

on N¢X A, which implies V(t,, a,) € ToX A, [F|<[ [ul du (n=1)® 5 (n—1), and since [/ |ul du
(n=1) @ (n—1)dun®6,<[ ¢ du(n)<oco, Fis u,®J,—integrable as well. Applying Theorem

8, we obtain a measurable map f,: T, — A, such that
/F(tn,an) djin ® 6, = /F (b fo (6n)) .
It is important to observe that
Jutt=1 a0 = 1) fa ) di (0= ) © 80— 1) = F (10, fo (1)

holds on N, where the LHS is defined wu,—a.e. on T, whereas the RHS is a measurable

extension of the former. Then by Definition 5, we obtain

/udu (n)®6(n)

/[//ud/.“@(sldﬂn_l@énfl d:un®6n

= /F(tn,an) dpt, @ 6y,

[ F b 0

/[/u(t(n—1),tn,a(n—1),fn(tn))du(n_1)®5(n_1) du,.
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Since

[ [t =1 bt 1 Lo ) die 0= 1) 5 (0= 1) d,
//q&d,u(n—l)@é(n—l)d,un

— [ odn <o,

IN

we obtain by Fubini's theorem that

/ud,u (n)®6(n)

/Uu(t(n—1),tn,a(n—1),fn(tn))du(n_1)®5(n_1) du,
= /{/U(t(n—1),tn,a(n—1),fn(tn))dpn du(n—1)®6(n—1).

Note that [u(t(n—1), to, a(n=1), fi(t.)) du, is defined u (n—1)®6 (n—1) —ae on T(n—1) X
A(n—1); we next construct a measurable extension G (¢t (n—1), a (n—1)) which is integrable so
that one can apply the inductive hypothesis to obtain measurable functions fi, :*-, fa-1 to “purify”
6 (n—1). To this end, observe that

/|u<t (0= 1) toya(n = 1), fu (b)) dity < /¢>dun

for all(¢(n—1), a(n—1)). Since //(bd,undu (n=1) = [ ¢pdu (n) <o, there exists a u (n—1) —
null set N(n—1)E7 (n—1) such that Vi(n—1)¢ N(n—1) [ ¢du, <oo and hence V (t(n—1), aln
-1))ENm-1)%xA(n-1)

[ =1) o= 1) £ (6] d, < .
Thus V (t(n = 1), aln = 1)) E N(n — 1)¢ x A(n - 1)

‘/u(t (n 1) tn,a(n —1), fu (ta)) du,,

IN

/Iu(t(n—l),tma(n—l),fn ()] it

IN

/(i)dun < 00.

Moreover, note that since
pn—1)x6n—1)(N(n-1°xA(n-1))

_ /N( A DAE D)
p(n—1)(N(n—1))

= 0,
Nin—=1°% Aln—Disa u(n—1®6 (n — 1) — full set and hence [u(t(n — 1), t,, a(n — 1),
[ () duy, is defined u(n — 1)®6 (n — 1) — a.e.on T(n — 1) X A(n — 1). Define
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G(t(n—1),a(n—-1))
Ju@n=1),tn,a(n—1), fn(t,))du, on N(n—1)°xA(n—1)

0 on N(n—1)x A(n—1)

As in the previous argument for F, it is easily seen that G(t(n — 1), a(n — 1))is 7 (n — 1)®B(A
(n — 1)) — measurable, real-valued, and u(n — 1)®¢ (n — 1) — integrable. Thus by Definition 5,

/G(t(nf1),a(n71))du(n71)®5(nf1)
//u(t(nf1),tn,a(n71),fn(tn))dund,u(nf1)®6(n71)
= /udu(n)@é(n).

Recall that
|G (t(n—1),a(n—1))

IN

‘/u@(n—l) twra(n— 1), fu (b)) dpty

/ odpiy,

on N(n — 1)“%x A(n — 1), where [ ¢pdu, is defined on N(n — 1)¢. Define a measurable extension
of [ ¢dun by

IN

- Jot(n—1),t,)du, onN(n—1)°
P(t(n—1)) =
0 on N (n—1)
We then have V (t(n — 1), aln = 1)) ET(n = 1) x A(n - 1) |G(t(n - 1), a(n = 1)) [<$(t(n
—1)). We show that ¢(t(n — 1))is u (n — 1) ® 6 (n — 1) — integrable to ensure that G is a
Carathéodory integrand on T(n — 1) X A(n — 1). To this end, note that by Definition 5

[oam-mdutn-1 = [[o@m-1).t)dudntn-1)
= / ¢dp (n) < oo
which establishes the claim.
By the inductive hypothesis, there exist measurable functions fi: T;— A;, i=1, -, n — 1,
such that

/G(t(n—l),a(n—1))d,u(n—1)®(5(n—1)

[Gtm=1). 1 =10 - 1) du(n-1),
where f(n — 1) = (fi, -, £, - Dand f(n — 1) (t(n = 1)) = (A(#), =, fu - 1(t. - 1)). Observe that
G(tn—=1),f(n=1)(t(n—1)))
Ju(t(n=1),ty, f(n=1)(t(n=1)), fu (ta)) dpt, on N (n—1)°
0 on N (n—1)

and that G(¢(n — 1), f(n — 1) (t(n — 1)) )is a measurable extension of [ u(t(n — 1), t, f(n — 1)
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(t (n—1)), fu(t.)) dun. Thus by Definition 5 we obtain
/udu (n)®@6(n)

/{/u(t(n—l), a(n—1), fn(ta))du, | du(n—1)® 68 (n — 1)

/G(t(n—l),a(n—1))du(n—1)®6(n—1)
[6m=1).1 (=1t~ 1) du(n-1)

= [t = 1)t £ (0= ) (0= D). () ity (- 1)
= [t =1t f 0= ) = D) ) (0= 1)
= [ult tn A 0) ) du )

where the step from the fifth line to the sixth line follows since [ |u(t(n — 1), t, f(n — 1) (¢t(n
= 1), £.(t.) | du(n)< [ ¢du(n)<oo. This completes the proof. ®

Remark 13 It is important to note that the usual condition
/\u|du(n)®6(n) < 00

does not generally guarantee that our inductive proof method works. For example, F(t,, a,)

may be a measurable extension of
/u(t(nf 1) tmra(n—1),an) du(n—1)@6(n—1)
while F(¢,, f.(t,)) may not be a measurable extension of
/u(t(nf Vs tmra(n—1), fu(t)) dp(n—1) @6 (n—1).

This problem can be avoided if the former function is defined on a wu,® d,—full set NS X A, as
shown in the preceding paragraph. Such an arrangement is possible if u is a Carathéodory

integrand.
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